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DRINFELD CATEGORY AND THE CLASSIFICATION OF
SINGULAR GELFAND-TSETLIN gln-MODULES
VYACHESLAV FUTORNY, DIMITAR GRANTCHAROV, AND LUIS ENRIQUE RAMIREZ
Abstract. We prove a uniqueness theorem for irreducible non-critical Gelfand-
Tsetlin modules. The uniqueness result leads to a complete classification of
the irreducible Gelfand-Tsetlin modules with 1-singularity. An explicit con-
struction of such modules was given in [8]. In particular, we show that the
modules constructed in [8] exhaust all irreducible Gelfand-Tsetlin modules
with 1-singularity. To prove the result we introduce a new category of mod-
ules (called Drinfeld category) related to the Drinfeld generators of the Yangian
Y (gl
n
) and define a functor from the category of non-critical Gelfand-Tsetlin
modules to the Drinfeld category.
1. Introduction
The representation theory of the Lie algebra g = gln of all n × n complex ma-
trices plays fundamental role in numerous areas of mathematics and physics. A
natural category of g-modules is the category of Gelfand-Tsetlin modules - those
that have generalized eigenspace decompositions over a certain maximal commuta-
tive subalgebra (Gelfand-Tsetlin subalgebra) Γ of the universal enveloping algebra
of g. The concept of a Gelfand-Tsetlin module generalizes the construction of clas-
sical Gelfand-Tsetlin bases that have been introduced in [11], [12]. The general
theory of Gelfand-Tsetlin modules was developed in [1], [2], [4], [5], [7], [8], [9], [14],
[15], [16], [17], [18], [19], [20], [21], [24], among others.
Throughout the paper, for n ≥ 2, Tn(C) ≃ C
n(n+1)
2 will stand for the space
consisting of the following Gelfand-Tsetlin tableau:
ln1 ln2 · · · ln,n−1 lnn
ln−1,1 · · · ln−1,n−1
· · · · · · · · ·
l21 l22
l11
We will identify Tn(C) with the set C
n(n+1)
2 in the following way: to
L = (ln1, ..., lnn|ln−1,1, ..., ln−1,n−1| · · · |l21, l22|l11) ∈ C
n(n+1)
2
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we associate a tableau T (L) as above.
For a fixed element L = (lij)
n
j≤i=1 in Tn(C) consider the set
LZ := L+ Tn−1(Z) = {L+M |M = (mij)
n
j≤i=1 ∈ Tn(Z),mnk = 0 , k = 1, . . . , n}.
Henceforth, we define V (L) to be the complex vector space with basis the set LZ, i.e.
V (L) =
⊕
L′∈LZ
CT (L′). Note that if L′, L′′ ∈ LZ, then T (L′+L′′) 6= T (L′)+T (L′′)
in V (L) (even if L′ + L′′ ∈ LZ).
An open problem which dates back to the work of Gelfand and Graev, [11],
is to define a gln-module structure on a subspace of V (L) annihilated by some
maximal ideal of the Gelfand-Tsetlin subalgebra. Solutions to this problem are
known in various cases, the most fundamental of which relies on the construction
of Gelfand-Tsetlin bases of finite dimensional representations of g.
Another important solution concerns the generic Gelfand-Tsetlin modules. More
precisely, a pair of entries (lmi, lmj) of L such that lmi− lmj ∈ Z is called a singular
pair. If T (L) contains a singular pair in the m-th row for some 2 ≤ m ≤ n− 1 then
we call T (L) a singular tableau (and L a singular element in Tn(C)). A tableau
T (L) is 1-singular if it contains exactly one singular pair. If T (L) is not singular
it is called generic. For a generic tableau T (L), one can imitate the construction
of Gelfand-Tsetlin bases of finite-dimensional representations and construct a gln-
module structure on V (L), see for example [5].
The study of singular modules V (L) was initiated in [8], where a module structure
on V (L) was introduced for any 1-singular tableau L. The latter construction was
generalized in [9] for singular tableaux L with multiple singular pairs such that the
difference of the entries of any two distinct singular pairs is noniteger. By taking
irreducible quotients of V (L) new irreducible Gelfand-Tsetlin modules for gln were
constructed. In particular, understanding the 1-singular case helped us to complete
classification of irreducible Gelfand-Tsetlin gl3-modules in [10]. Explicit basis for a
class of irreducible 1-singular Gelfand-Tsetlin gln-modules was constructed in [13].
We note that to each L ∈ Tn(C) we associate the maximal ideal mL of the
Gelfand-Tsetlin subalgebra Γ generated by cij−γij(L), 1 ≤ j ≤ i ≤ n, where cij are
the generators of Γ, and γij are symmetric polynomials defined in (3). Furthermore,
for every maximal ideal m of Γ there exists an irreducible Gelfand-Tsetlin module
V such that Vm 6= 0 (see (2) for the definition of Vm) and the number of such
non-isomorphic irreducible modules V is finite, [24]. In fact, for a generic L there
exists a unique up to isomorphism irreducible module V such that VmL 6= 0. On
the other hand, if L is 1-singular, the number of such non-isomorphic irreducible
Gelfand-Tsetlin modules is bounded by 2 and it is 2 for some L. The following
conjecture was stated in [8] and was known to be true for n = 2 and n = 3.
Conjecture. Let L be a 1-singular tableau and m = mL. Then any irreducible
Gelfand-Tsetlin module V with VmL 6= 0 is isomorphic to a subquotient of V (L).
The main purpose of the current paper is to prove this conjecture and, hence,
to complete the classification of all irreducible 1-singular Gelfand-Tsetlin modules
of gln, n ≥ 2. The nontrivial case of the conjecture concerns non-critical modules,
see Theorem 2.1. We say that L and m = mL are critical if L has equal entries in
some of its rows. A Gelfand-Tsetlin module V such that Vm 6= 0 for some critical
maximal ideal m will be called critical.
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To prove the conjecture we introduce a new technique, which is essentially dif-
ferent from the one we used in [8] and [9]. The main idea is to consider Drinfeld
generators of the universal enveloping algebra of gln. With the aid of the Drinfeld
generators, for every non-critical maximal ideal m of Γ we introduce a new cate-
gory of modules Dm-mod that we call Drinfeld category. Then we define a faithful
functor from the category of Gelfand-Tsetlin modules having m as a character to
Dm-mod. This functor preserves irreducibility and maps non-isomorphic modules
to non-isomorphic.
Main Theorem. Let V be an irreducible non-critical Gelfand-Tsetlin gln-module.
Then the following hold.
(i) The module V is tame, i.e. Γ acts diagonally on V .
(ii) Let m be a maximal ideal such that Vm 6= 0. If W is an irreducible non-
critical Gelfand-Tsetlin gln-module such that Wm 6= 0, then W is isomor-
phic to V .
The proof of Main Theorem involves a study of the irreducible modules in Dm-
mod. Main Theorem, in particular, implies the conjecture above and completes the
classification of the irreducible 1-singular g-modules.
The organization of the paper is as follows. In Section 2 we collect some impor-
tant results about singular Gelfand-Tsetlin modules. The definition of the Drinfeld
category Dm-mod and the functor from the category of Gelfand-Tsetlin modules
having m in its support to Dm-mod are included in Section 3. In Section 4 we
study irreducible modules in Dm-mod. The main result is proven in Section 5.
Acknowledgements. V.F. is supported in part by CNPq grant (301320/2013-6)
and by Fapesp grant (2014/09310-5). D.G is supported in part by Simons Collabo-
ration Grant 358245. Part of this work was done during the visit of the first author
to the University of Sydney whose hospitality and support are greatly appreciated.
The authors would like to thank Alexander Molev for the numeropus helpful dis-
cussions and, in particular, for suggesting to use Drinfeld generators. The authors
are also grateful to the referee for improving the exposition of the paper.
2. Singular Gelfand-Tsetlin modules
Consider a chain of embeddings of Lie subalgebras
gl1 ⊂ gl2 ⊂ . . . ⊂ gln.
The choice of embeddings is not essential but for simplicity we chose embeddings
of principal submatrices of n × n-matrices. Set Uk = U(glk) to be the universal
enveloping algebra of glk, k = 1, . . . , n. The Gelfand-Tsetlin subalgebra Γ of U = Un
associated with this chain of embeddings is the subalgebra generated by the centers
of universal enveloping algebras of glk, k = 1, . . . , n. It is the polynomial algebra
in the
n(n+ 1)
2
generators {cmk | 1 ≤ k ≤ m ≤ n}, where
(1) cmk =
∑
(i1,...,ik)∈{1,...,m}k
Ei1i2Ei2i3 . . . Eiki1 ,
and Eij denote the (i, j)th elementary matrix, [25].
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A gln-module V is a Gelfand-Tsetlin module (with respect to Γ) if
(2) V =
⊕
m∈SpecmΓ
Vm,
where
Vm = {v ∈ V | m
kv = 0 for some k ≥ 0},
and SpecmΓ denotes the set of maximal ideals of Γ. The set of all m in SpecmΓ
for which Vm 6= 0 is called the Gelfand-Tsetlin support or just the support of V .
To every element L = (lij) in Tn(C) we associate the maximal ideal mL of Γ
generated by cmk − γmk(L) where
(3) γmk(L) :=
m∑
i=1
(lmi +m− 1)
k
∏
j 6=i
(
1−
1
lmi − lmj
)
.
Recall the definition of LZ from the introduction. For a fixed maximal ideal mL
of Γ the number of L′ ∈ LZ such that mL′ = mL is finite, and all such L′ belong to
a single orbit of the group G = S1 × . . .× Sn (each Sm acts on the m-th row of L′
by permutations).
Recall the definition of a singular tableau from the introduction. We will say
that T (L) is a critical tableau if the two entries of the singular pair of L are equal.
We call a maximal ideal m = mL of Γ generic, singular, or critical, if T (L) is
generic, singular, or critical, respectively. Recall that the classification of simple
Gelfand-Tsetlin modules having only generic tableaux in their support has been
completed in [5]. The following theorem shows that the classification of simple 1-
singular Gelfand-Tsetlin modules V can be reduced to those V that have no critical
ideals in their Gelfand-Tsetlin support.
Theorem 2.1. [8] Let L ∈ Tn(C) be 1-singular. Then the following hold.
(i) V (L) has a structure of a Gelfand-Tsetlin gln-module.
(ii) For any L′ ∈ LZ there exists an irreducible subquotient V of V (L) such that
VmL′ 6= 0. The number of all such irreducible subquotients V is bounded by
2.
(iii) If L is a critical tableau then there exists a unique (up to an isomorphism)
irreducible Gelfand-Tsetlin module V such that VmL 6= 0.
(iv) V (L) ≃ V (L′) if and only if there exists σ ∈ G such that L − σ(L′) ∈
Tn−1(Z), or equivalently, if L and L
′ are in the same orbit under the action
of G⋉ Tn−1(Z) on Tn(C).
(v) dim V (L)m ≤ 2 for any maximal ideal m of Γ. If
3. Drinfeld category
3.1. Drinfeld generators. We briefly recall the definition of the Yangian of gln.
For more details we refer the reader to the original work of Drinfeld, [3], as well
as to the book [21]. The Yangian Y (gln) of gln is an associative algebra generated
by the elements T
(r)
ij where i, j = I, . . . , n and r = 1, 2, . . . subject to the following
relations:
[T
(r)
ij , T
(s+1)
kl ]− [T
(r+1)
ij , T
(s)
kl ] = T
(r)
kj T
(s)
il − T
(s)
kj T
(r)
il , T
(0)
ij = δij
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r, s = 0, 1, 2, . . .. Note that we fix the relations to be the same as those in [23].
Introduce the formal Laurent series in u−1,
Tij(u) = T
(0)
ij u+ T
(1)
ij + T
(2)
ij u
−1 + T
(3)
ij u
−2 + . . .
and set
T (u) :=
n∑
i,j=1
Eij ⊗ Tij(u).
Next we recall the definition of quantum determinant. Let X(u) = (Xij(u))
m
i,j=1
be an arbitrary matrix whose entries are formal Laurent series in u−1 with coeffi-
cients in Y (gln). The quantum determinant of X(u) is:
qdetX(u) :=
∑
σ∈Sm
(−1)l(σ)X1σ(1)(u)X2σ(2)(u− 1) . . . Xm,σ(m)(u−m+ 1),
where l(σ) is the length of σ.
For each m = 1, . . . , n set Am(u) = qdet[Tij(u)]
m
i,j=1. The coefficients of u
0,
u−1, . . . in the expansion of Am(u) are free generators of the center of the alge-
bra Y (glm) for m = 1, . . . , n, [22]. Moreover, all coefficients of A1(u), . . . , An(u)
pairwise commute.
For any m = 1, . . . , n− 1 denote by Bm(u), Cm(u), Dm(u) the quantum deter-
minants of the submatrices of T (u) generated respectively: by the rows 1, . . . ,m−
1,m+1 and the columns 1, . . . ,m; by the rows 1, . . . ,m and the columns 1, . . . ,m−
1,m + 1; by the rows 1, . . . , ,m − 1,m + 1 and the columns 1, . . . , ,m − 1,m + 1.
The coefficients of Am(u), Bm(u), Cm(u), and Dm(u) form an alternative set of
generators for Y (gln), [3], called Drinfeld generators. Note that our Bm(u) and
Cm(u) correspond to Cm(u) and Bm(u), respectively in [23].
In the following proposition we collect some basic properties of the Drinfeld
generators.
Proposition 3.1 ([23], Proposition 1.2, Proposition 1.4). The following commu-
tation relations hold in Y (gln):
(i) [Am(u), Bl(v)] = 0 if l 6= m,
(ii) [Am(u), Cl(v)] = 0 if l 6= m,
(iii) [Cm(u), Bl(v)] = 0 if l 6= m,
(iv) [Sm(u), Sl(v)] = 0 if |l −m| 6= 1, S ∈ {B,C},
(v) (u − v)[Am(u), Cm(v)] = Cm(u)Am(v) − Cm(v)Am(u),
(vi) (u − v)[Am(u), Bm(v)] = −Bm(u)Am(v) +Bm(v)Am(u),
(vii) (u − v)[Cm(u), Bm(v)] = −Dm(u)Am(v) +Dm(v)Am(u),
(viii) Bm(u)Cm(u− 1) = Dm(u)Am(u− 1)−Am+1(u)Am−1(u − 1).
(ix) Cm(u− 1)Bm(u) = Dm(u − 1)Am(u)−Am+1(u)Am−1(u − 1).
Now, following the construction of [23], we define generators of U(gln) coming
from Am(u), Bm(u), Cm(u), Dm(u), as follows. The algebra Y (gln) contains the
universal enveloping U(gln) as a subalgebra through the embedding Eij 7→ T
(1)
ji .
Also, there exists a surjective homomorphism φ : Y (gln)→ U(gln) defined by
Tij(u) 7→ δiju+ Eji.
We denote the images of Am(u), m = 1, . . . , n and Bm(u), Cm(u), Dm(u), m =
1, . . . , n−1, under φ, by am(u), bm(u), cm(u) and dm(u), respectively. These images
are polynomials of degree m, m − 1, m − 1, m, respectively, and their coefficients
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generate U(gln). We call these coefficients the Drinfeld generators of U(gln). For
instance, Em,m+1 is the leading coefficient of bm(u), while Em+1,m is the leading
coefficient of cm(u). The coefficients of am(u), m = 1, . . . , n, generate the Gelfand-
Tsetlin subalgebra Γ. Clearly, the Drinfeld generators of U(gln) satisfy the relations
listed in Proposition 3.1.
3.2. Interpolation. For any m = 1, . . . , n − 1 and any tuple (lm1, . . . , lmm) of
distinct complex numbers we can recover the Drinfeld generators of U(gln) knowing
their values at −lmi, i = 1, . . . ,m using the Lagrange interpolation formula. For
instance,
b(u) =
n−1∑
i=1
(u+ lm1) . . . ̂(u+ lmi) . . . (u+ lmm)
(lmi − lm1) . . . ̂(lmi − lmi) . . . (lmi − lmm)
b(−lmi)
(as usual, t̂ indicates that the corresponding term t is missing in the product).
For a general tuple (lm1, . . . , lmm) one can use the Lagrange-Newton interpolation
formula. We note though that in this paper we restrict our attention to non-critical
tableaux L (distinct lm1, ..., lmm).
Let now V be a Gelfand-Tsetlin module such that V has no critical maximal
ideals in its Gelfand-Tsetlin support. In what follows we describe how we can
define the action of the Drinfeld generators on V based on the interpolation formulas
written above. Let m be in the Gelfand-Tsetlin support of V , i.e. m is a maximal
ideal in Γ such that Vm 6= 0. Choose an arbitrary tableau T (L) such that m = mL
and whose mth row is (lm1, . . . , lmm). The action of am(u), m = 1, . . . , n, on
Vm is determined by m only. More precisely, there is a polynomial αm(u,m) of
u depending on m such that am(u) − αm(u,m)Id acts finitely on Vm. To define
the action of the Drinfeld generators bm(u) and cm(u) on Vm it is sufficient to
define the action of the operators bm(−lmi) and cm(−lmi), i = 1, . . . ,m. For the
latter operators we have the following important properties. In what follows, by
L− δmi (respectively, L+ δmi) we denote the element of LZ obtained from L after
substracting 1 from (respectively, adding 1 to) lmi.
Proposition 3.2. For any L = (lij) and m = mL the following hold.
(i) cm(−lmi)Vm ⊂ Vm′ , where m′ = mL−δmi ;
(ii) bm(−lmi)Vm ⊂ Vm′′ , where m′′ = mL+δmi .
On the other hand, Proposition 3.1 implies other useful properties for the action
of cm(−lmi) and bm(−lmi) on any Gelfand-Tsetlin module listed below.
Corollary 3.3. Let L = (lij) and m = mL. Let V be a Gelfand-Tsetlin module
with Vm 6= 0 and v ∈ Vm a nonzero element such that mv = 0. Then the following
hold.
(i) [cm(x), bl(y)]Vm = 0 for all x, y if l 6= m;
(ii) [sm(x), sl(y)]Vm = 0 or all x, y, s ∈ {b, c} if |l −m| 6= 1;
(iii) [cm(−lmi), bm(−lmj)]v = 0 if lmi 6= lmj;
(iv) bm(−lmi + 1)cm(−lmi)v = −am+1(−lmi + 1)am−1(−lmi)v;
(v) cm(−lmi − 1)bm(−lmi)v = −am+1(−lmi)am−1(−lmi − 1)v;
(vi) (x − y)[am(x), cm(y)]w = cm(x)am(y)w − cm(y)am(x)w for any w ∈ Vm;
(vii) (x − y)[am(x), bm(y)]w = −bm(x)am(y)w + bm(y)am(x)w for any w ∈ Vm.
Recall that a Gelfand-Tsetlin module V is tame, if the action of Γ on V is
diagonalizable. In [8] it is proven that an irreducible 1-singular Gelfand-Tsetlin
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module that has no critical maximal ideals in its Gelfand-Tsetlin support is tame.
We now generalize this to any singular Gelfand-Tsetlin module.
Proposition 3.4. If V is an irreducible Gelfand-Tsetlin module such that V has
no critical maximal ideals in its Gelfand-Tsetlin support then V is a tame module.
Proof. Fix m in the Gelfand-Tsetlin support of V and choose any nonzero v ∈ Vm
such that mv = 0. Let m = mL and L = (lij). Applying Corollary 3.3(vi)-(vii) we
obtain that mL−δmicm(−lmi)v = 0 and mL+δmibm(−lmi)v = 0, that is, cm(−lmi)v
and bm(−lmi)v are eigenvectors of Γ. Since the action of U(gln) on V is determined
by the actions of am(−lmi), bm(−lmi), cm(−lmi) on V (for all possible values of m
and i and all maximal ideals in the Gelfand-Tsetlin support of V ), the subspace of
V consisting of eigenvectors of Γ is U(gln)-invariant. This completes the proof. 
3.3. Drinfeld quiver and Drinfeld category. Let m be a non-critical ideal in Γ
and let L be such that m = mL. Let also Hmi1,i2 = {(zij) ∈ Tn−1(C) | zmi1 = zmi2}
be the critical hyperplane in Tn−1(C) corresponding to the pair (zmi1 , zmi2). Let
NCZ(L) be the connected component of LZ \
⋃
i1,i2,m
Hmi1,i2 containing L (we call
a subset A of LZ connected if A = A
′ ∩ LZ for some some connected subset A′ of
Tn−1(C)). Then let NCm be the set of ideals mL′ in Γ such that L
′ ∈ NCZ(L) (we
identify maximal ideals that correspond to the same orbit of the group S1×. . .×Sn).
One easily see thatNCm is independent on the choice of L in a connected component
of LZ \
⋃
i1,i2,m
Hmi1,i2 .
We define the (non-critical) Drinfeld quiver with relations Dm as follows. The
set of vertices of Dm is NCm. Recall the definition of mL′±δmi prior to Propo-
sition 3.2. If L′ = (l′ij), then ωL′ ∈ NCm is the start point of edges ak(−l
′
mi),
bm(−l′mi), cm(−l
′
mi), i = 1, . . . ,m; m = 1, . . . , n − 1. The end points of these
edges are determined by the properties in Proposition 3.2. More precisely, the
end points of the edge bm(−l′mi) and cm(−l
′
mi) are mL′+δmi and mL′−δmi , respec-
tively. Furthermore, the end point of ak(−l′mi) coincides with its start point. We
now describe the relations of Dm. We first include those relations obtained from
the relations of Corollary 3.3 after evaluating u at −l′mi. In addition, we add the
relations ak(−l′mi)emL′ = αk(−l
′
mi,m)emL′ , where emL′ is the idempotent of Dm
corresponding to the vertex mL′ (recall the definition of αk(u,m) in §3.2). In par-
ticular, all ak(−l′mi) pairwise commute. Due to the Lagrange interpolation formula
it is sufficient to consider only the morphisms am(−l′mi) at the vertex mL′ .
Example 3.5. Let n = 3 and L˜ be a 1-singular critical tableau, i.e. l˜21 = l˜22.
Consider the critical plane H = H21,2 in T2(C) = C
3. Let L ∈ L˜Z be a non-critical
tableau and let m = mL. The hyperplane H separates the set LZ = L˜Z into two
(discrete) half-spaces and NCZ(L) is the one containing L. Then the set of vertices
of Dm is {mL′ | L′ ∈ NCZ(L)}. Below we present a partial picture of Dm involving
the edges b2(−l′2,i) and c2(−l
′
2,i), i = 1, 2. Note that the complete picture is 3-
dimensional half lattice (avoiding the critical plane H) and involves also the edges
ak(−l
′
mi), b1(−l
′
1,1), c1(−l
′
1,1).
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mL′−δ2,1+δ2,2
c2(−l
′
2,2−1)

b2(−l
′
2,1+1) //
mL′+δ2,2
c2(−l
′
2,2−1)

c2(−l
′
2,1)
oo
b2(−l
′
2,1) //
mL′+δ2,1+δ2,2
c2(−l
′
2,2−1)

c2(−l
′
2,1−1)
oo
mL′−δ2,1
b2(−l
′
2,1+1) //
b2(−l
′
2,2)
OO
mL′
c2(−l
′
2,1)
oo
b2(−l
′
2,1) //
b2(−l
′
2,2)
OO
mL′+δ2,1
c2(−l
′
2,1−1)
oo
b2(−l
′
2,2)
OO
Recall that the purpose of the paper is to classify all simple 1-singular Gelfand-
Tsetlin modules V . In the case when V has a 2-dimensional Gelfand-Tsetlin sub-
space Vm for some m, then V is a subquotient of the module V (L) for some L, [8].
Thus, to complete our classification of simple 1-singular Gelfand-Tsetlin modules
we need only to consider tame modules only.
We fix again a non-critical ideal m in Γ. Denote by Dm-mod the category of
representations of the quiver with relations Dm. We call Dm-mod the Drinfeld
category associated to m. If V ∈ Dm-mod the vector space associated to the vertex
ω ∈ NCm will be denoted by Vω . If V ∈ Dm-mod then the Gelfand-Tsetlin support
of V is the set of all vertices ω ∈ NCm for which Vω 6= 0.
Let NCGT m be the full subcategory of the category of all Gelfand-Tsetlin mod-
ules consisting of Gelfand-Tsetlin modules whose Gelfand-Tsetlin support is a sub-
set of NCm. In particular, the modules in NCGT m have no critical tableau in their
support, i.e. are non-critical. Recall from Proposition 3.4 that any irreducible mod-
ule in NCGT m is tame. Denote by NCT m the subcategory of NCGT m consisting
of tame modules.
By the definition of Dm, any module in NCT m can be naturally viewed as a
module over Dm. As a result we have a functor
FNC : NCT m → Dm−mod.
In fact, NCT m is equivalent to a quotient category of Dm-mod.
The following proposition is a direct consequence of the definitions of NCT m
and Dm and Corollary 3.3.
Proposition 3.6. The functor FNC is faithful and maps irreducible modules to
irreducible. Moreover, the images of non-isomorphic modules are non-isomorphic.
Remark 3.7. One can generalize the notion of Drinfeld quiver Dm to arbitrary
ideals m ∈ Γ and define a general functor F from a more general category of
Gelfand-Tsetlin modules (not necessarily tame) to Dm-mod. For this we need to
introduce new relations on Dm that involve higher-order derivatives of am(u), bm(u),
cm(u). We will treat this case in a subsequent paper.
4. Irreducible Dm-modules
For ω ∈ NCm, denote by Dm(ω) = Dm(ω, ω) the algebra of all paths of Dm
originating and ending at ω. If V ∈ Dm-mod , the subspace Vω of V has a natural
Dm(ω)-module structure. We have the following standard result which can be
proven using induction and restriction functors.
Lemma 4.1. (i) For any ω ∈ NCm and any irreducible module V of Dm, the
Dm(ω)-module Vω is either zero or irreducible.
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(ii) For any ω ∈ NCm and any irreducible module N over Dm(ω) there exists a
unique irreducible module of Dm whose restriction on Dm(ω) is isomorphic
to N .
4.1. Irreducible tame Dm-modules. Let m be a maximal ideal of Γ. In this
subsection we will analyze irreducible modules over the Drinfeld category Dm. The
theorem below will be used in the proof of Main Theorem.
Theorem 4.2. Let m be a non-critical maximal ideal in Γ and V be an irreducible
Gelfand-Tsetlin module such that V has no critical maximal ideals in its Gelfand-
Tsetlin support. Then for any ω in the Gelfand-Tsetlin support of V , Vω is a 1-
dimensional module over Dm(ω) whose module structure is completely determined
by ω.
Proof. By Proposition 3.4 the module V is tame. Without loss of generality we
may assume that ω = m.
Let m = mL and L = (lij). Take any nonzero v ∈ Vm. Then v is an eigenvector
of all ak(−lmi). We will show that the dimension of the space Dm(m)v is 1. This
will imply the statement of the theorem thanks to Lemma 4.1.
Consider an arbitrary nonzero element u ∈ Dm(m). Then u is a linear com-
bination of monomials formed by bi(t) and ci(t), i = 1, . . . , n for different values
of t. Without loss of generality we may assume that u equals a single monomial.
The first element (reading from the right) of this monomial is one of the operators
cm(−lmk), bm(−lmk) for some m = 1, . . . , n and some k = 1, . . . ,m. Suppose that
this element is cm(−lmk). Without loss of generality we may assume that k = 1.
Then the monomial contains the elements
cm[lm1, t] := cm(−lm1 + t) . . . cm(−lm1 + 1)cm(−lm1),
for some t ≥ 0. Note that since V is non-critical, for j 6= 1, cm[lm1, t] and cm[lmj , s]
commute by Corollary 3.3. Hence, we can rewrite the rightmost part of the mono-
mial as
pi1c :=
−→
Π i=1,...,n−1ci[li1, ti1] . . . ci[lii, tii],
for some tij ∈ {−1, 0, . . .}. By definition, ci[lij ,−1] = 1. Since our monomial is an
element of Dm(m) it must contain respective elements bi(xi). Suppose bm(−rmk)
is the first such element that appears in the monomial. Then pi1cVm ⊂ Vn, n = nR
and R = (rij). Let rmk = lmk − t for some nonnegative integer t.
Assume first that t = 0. Then tmk = −1 and hence bm(−rmk) commutes with
pi1c and bm(−rmk)pi
1
c /∈ Dm(m).
Set also
bm[x, r] := bm(−x+ r) . . . bm(−x+ 1)bm(−x)
with the same convention for r = −1 as above. Then we may assume that our
monomial contains
pi1b =
−→
Π i=1,...,n−1bi[li1, ri1] . . . bi[lii, rii],
for some rij ∈ {−1, 0, . . .}. Finally, we can assume that our monomial contains
Πjpi
j
cΠspi
s
b ,
such that every pijc commutes with every pi
s
b . We see again that Πjpi
j
cΠspi
s
b /∈ Dm(m).
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Assume now that t > 0. Then pi1c must contain cm(−rmk − 1). The action of
bm(−rmk) commutes with the action of cm(x) if x 6= −rmk and with the action
of any cs(y) if s 6= m by Corollary 3.3. Thus, we can move bm(−rmk) next to
cm(−rmk − 1) in the monomial and then apply Corollary 3.3 again. As a result,
bm(−rmk)cm(−rmk − 1) can be replaced by a scalar and can be removed from the
product. Since the original monomial is in Dm(m), using the procedure described
above, we will eventually remove all b’s and all c’s. This shows that Dm(m)v is
1-dimensional. Applying Lemma 4.1 and the fact that V is irreducible, we con-
clude that Vm is 1-dimensional and its structure as a Dm(m)-module is completely
determined by m. This completes the proof of the theorem. 
Combining Lemma 4.1 and Theorem 4.2 we obtain the following.
Corollary 4.3. For any non-critical maximal ideal m of Γ there exists at most one
(up to an isomorphism) irreducible module in the category Dm−mod such that V
has no critical maximal ideals in its Gelfand-Tsetlin support.
Remark 4.4. Let m be a generic maximal ideal and M be an irreducible Gelfand-
Tsetlin module over gln that has m in its Gelfand-Tsetlin support. Then M is
non-critical. Let FNC(M) = V . Since any maximal ideal m
′ in the Gelfand-Tsetlin
support of M is generic we have dimMm′ = 1, implying dimVm′ = 1 [7]. Moreover,
M is a unique Gelfand-Tsetlin module that has m in its Gelfand-Tsetlin support.
Corollary 4.3 gives an alternative proof of this result.
5. Classification of irreducible 1-singular Gelfand-Tsetlin modules
If V contains a critical maximal ideal in its Gelfand-Tsetlin support, then V
need not to be a tame module. Nevertheless we have the following.
Theorem 5.1. [[8], Theorem 7.2(ii)] Let M be an irreducible Gelfand-Tsetlin mod-
ule such that V contains a critical 1-singular maximal ideal m of Γ in its Gelfand-
Tsetlin support. Then Mm is 1-dimensional. Moreover, M is a unique such module
with Mm 6= 0. In particular, there exists at most one (up to an isomorphism) such
irreducible tame module.
Now we are ready to prove the conjecture stated in the introduction and, in
particular, complete the classification of irreducible 1-singular modules.
Theorem 5.2. Let M be an irreducible 1-singular Gelfand-Tsetlin gln-module, and
m = mL be a maximal ideal of Γ in the Gelfand-Tsetlin support of M . Then M is
isomorphic to a subquotient of V (L).
Proof. Consider a 1-singular maximal ideal m = mL. If m is critical then such
module M is unique by Theorem 5.1 and, hence, it is isomorphic to a subquotient
of V (L). Suppose now that m is not critical. Then V (L) has at least one irreducible
subquotient S with m in its Gelfand-Tsetlin support. Recall that all Gelfand-Tsetlin
multiplicities of Un/Unm are at most 2 by [8], Corollary 7.1 (cf. also [6], Theorem
4.12). Also note that any irreducible Gelfand-Tsetlin gln-module N that has m
in its Gelfand-Tsetlin support is a subquotient of Un/Unm. Then we immediately
have that M ≃ S if dimSm = 2. Assume now that dimSm = 1. Then there
exists another irreducible subquotient S′ of V (L) with m in the Gelfand-Tsetlin
support. If S′ is not isomorphic to S then M is isomorphic to one of them since
both these modules are subquotients of Un/Unm. It remains to consider the case
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when S′ ≃ S. SupposeM is not isomorphic to S. ThenM can not have any critical
maximal ideals in its Gelfand-Tsetlin support by Theorem 5.1. Indeed, otherwise
M is a subquotient of V (L) and thus isomorphic to S. Applying Proposition 3.4
we conclude that M is a tame module. But an irreducible tame Gelfand-Tsetlin
module with no critical maximal ideals that has m in the Gelfand-Tsetlin support is
unique (up to an isomorphism) by Theorem 4.2. Therefore,M ≃ S which completes
the proof. 
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